Abstract-For hybrid massive MIMO public channel with any sector size in either microwave or millimeter wave (mmwave) band, this paper studies the hybrid beamforming optimized to minimize the transmit power while guaranteeing the quality of service (QoS) for randomly deployed users. First the ideal beampattern is derived via Parseval Identity, based on which a beamforming design problem is formulated to minimize the gap with the idea beampattern. The problem is transformable to a multiconvex one and an iterative optimization algorithm is used to obtain the full-digital beamformer. In addition, with the help of same beampattern theorem, the power amplifier (PA) efficiency of the beamformer is improved with unchanged beampattern. Finally, the hybrid beamforming design is obtained that achieves the full-digital beamformer solution. Simulations verifies the advantages of the proposed scheme over existing ones.
I. INTRODUCTION
In massive MIMO systems, multi-user beamforming in dedicated channels has been investigated intensively [1] , [2] . But designs for public channels are relatively limited. Public channels play crucial roles in broadcasting essential synchronization, reference, and control signals [3] . Since public channels serve all users randomly located in the sector, omnidirectional coverage is desired and the transmission design is generally based on the assumption of no channel state information (CSI) at the base station (BS) [3] , [4] .
Several beamforming designs have been proposed in existing literature for public channel communications in conventional MIMO systems, e.g., global search, randomization, and communication standard based schemes (see [4] and references therein). Unfortunately, these methods may be incompatible with massive MIMO systems [3] . A new design for massive MIMO public channel can be found in [3] . Based on the large-scale approximation of the channel correlation matrix, Zadoff-Chu (ZC) sequence was utilized to design the beamformer which aims to make the signal powers at M (which is the antenna number at the BS) discrete angles equal. However, for practically large but finite antennas, M discrete angles is insufficient in representing the continuous sector, so the design results in performance degradation for many unobserved angles. Moveover, the ZC scheme is dedicated for the standard sector only, e.g., [−90 • , 90
• ] with the antenna spacing ratio being 0.5, its direct application for the adaptive sectorization scenario according to traffic requirements in 5G communications [5] seems infeasible. In [6] , by using the same beampattern theorem [7] , a broadbeam design was proposed where a reference beampattern is first determined, then the beamformer is obtained by solving a polynomial equation to approach the reference beampattern. Again, only the standard sector was considered and the polynomial coefficients tend to C. Zhang, Y. Huang, and L. Yang are with the School of Information Science and Engineering, Southeast University, Nanjing 210096, P. R. China (email: zhangcheng1988, huangym, lxyang@seu.edu.cn).
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be inaccurate when the number of observed discrete angles is larger than 2M − 1.
For massive MIMO communications, two practical constraints are emphasized. First, due to the high cost of radio frequency (RF) hardware, especially for the millimeter wave (mmwave) band, having a RF chain for each antenna tends to be infeasible. The hybrid beamforming structure with less RF chains than antennas, e.g., 64 antennas and 16 RF chains, is considered to be cost effective and has little performance loss [8] compared with its full-digital counterpart. Second, the demand for high power efficiency for 5G communications makes both the constraint of total transmit power and the power efficiency of each antenna, e.g., power amplifier (PA) efficiency, important for massive MIMO systems [9] .
In this paper, the public channel beamforming design is studied for massive MIMO systems with the power efficient hybrid structure and with any sector size. The problem is formulated as the transmit power minimization under quality of service (QoS) constraint with additional consideration on the PA efficiency. In solving the beamforming design problem, first the ideal beampattern is derived, then a fulldigital beamformer optimization is formulated as finding the beamformer whose beampattern has the minimum gap with the idea beampattern. The formulation also explores the inherent tradeoffs among important beampattern parameters with the help of the finite impulse response (FIR) filter theorem. It is shown that an efficient iterative algorithm based on semidefinite programming (SDP) can be used for the optimization. Subsequently, by drawing lessons from [6] , [7] , we utilize the same beampattern theorem to improve the beamformer's PA efficiency through a search with controllable complexity. Further, this full-digital beamformer is decomposed into the product of a baseband beamformer and an analog beamforming matrix via the triangle construction theorem [9] , [10] to be applicable for the hybrid massive MIMO structure. Simulations are shown to validate the efficiency of the proposed design and its superiority over existing schemes.
The main difference of this work with existing ones is two-folds. First, the problem formulation is fundamentally different. In existing work, equal power at some discrete angles is required [3] , [6] . Our formulation is from the perspective of the QoS guarantee, the power efficiency, and the hybrid structure. Second, the proposed design procedure explores the ideal beampattern result and the FIR filter theorem. Compared with the ZC scheme [3] , the proposed one is not limited to the performance for M discrete angles and is adaptive to the sector size. Compared with the broadbeam design [6] , the proposed design does not require artificially predefining the reference beampattern which is non-trivial especially for arbitrary sector size. Moreover, the use of convex optimization tools enables searching over a broader region compared with the polynomial equation solving in [6] . Meanwhile, the strict requirement on the number and locations of the observed discrete angles can also be relaxed with the proposed design.
II. SYSTEM MODEL Consider a massive MIMO BS with hybrid beamforming structure, where the number of antennas is M and the number of RF chains is N RF (N RF > 1). Each antenna has constant gain among [Θ 1 , Θ 2 ]. To avoid angle ambiguity [11] , it is assumed that
For the public channel, common messages are transmitted to all users randomly distributed in the sector
No CSI is available at the BS.
The received signal at an observed user is
where h ∈ C M×1 is the channel vector, w ∈ C M×1 is the beamformer normalized as w H w = 1, ρ is the average transmit power, x ∼ CN (0, 1) is the common signal symbol, and z ∼ CN (0, 1) is the local noise. With hybrid structure, w = W RF w BB , where W RF ∈ C M×NRF is the analog beamforming matrix with the constraint |[W RF ] i,j | = 1, ∀i, j and w BB ∈ C NRF ×1 is the baseband beamformer. The spatially correlated channel is considered, i.e.,
where h iid ∼ CN (0, I M ) is the fast fading channel component and R ∈ C M×M is the channel covariance matrix with normalized large-scale fading, i.e., tr {R} = M . The user can have any location within the sector and R can be modeled as
where f (θ) is the power azimuth spectrum (PAS) [3] satisfying θmin θmax f (θ)dθ = 1 and the channel angular (AS) interval [θ min , θ max ] ⊆ A. Assume uniform linear array (ULA) at the BS 1 , the array vector for θ can be represented as
where D is the antenna spacing ratio. Note that the random location of a user is represented by its PAS function f (θ). For mmwave band, the integration in (3) becomes a summation of finite terms for some discrete angles [8] . This is a special case of (3) to which the following design also applies.
III. PROBLEM FORMULATION AND SOLUTION PROCEDURE
In this section, the beamforming design problem is first formulated. Then the solution procedure is provided.
A. Problem Formulation
For the public channel transmission, the beamforming design needs to guarantee the worst performance within the sector. The outage probability, P out , is chosen to be the performance measure. In addition, the power efficiency is important especially from the perspective of communication carriers. 1 Our results can be straightforwardly extended to other antenna array topologies such as uniform planar arrays or uniform circular arrays. Therefore, the power efficient hybrid beamforming design problem for massive MIMO public channel is formulated as
whereP out is the maximum acceptable outage probability. Let R be the minimum rate for reliable transmission. Based on (2) and eigen-decomposition of R 1/2,H ww H R 1/2 , the following derivations on the outage probability can be obtained:
where λ = w H Rw and h iid ∼ CN (0, 1). Define
which is the beampattern at angle θ. It can be shown straight-
dθ, which is the array gain for the user whose PAS is f (θ). This shows that the array gain for a user is an integration of the product between the user's PAS and beampattern. By transforming the angle domain θ to the normalized spatial frequency domain sin(θ), we have
1) Additional requirement: Besides minimizing the transmit power, another important factor affecting the system power efficiency is the PA efficiency which is quantified by the peakto-average power ratio (PAPR) in this paper, i.e.,
A way to incorporate power efficiency is to directly set a constraint on the PAPR in P1, or formulate a double-objective problem by adding the minimization of δ. But this makes the problem intractable [12] . Alternatively, we provide an indirect solution for this requirement and make it as an additional consideration. More details are provided in Section III-B and IV-C.
B. Solution Procedure
To solve P1 directly is difficult and give reasons since (C.2) is non-convex and intractable. The following procedure with four steps is this proposed: 1) Find the optimal beampattern, g ⋆ (θ) to minimize transmit power under the outage probability constraint only. 2) Find a full-digital beamformer, w the object beamformer. If Steps 1, 2, and 4 can be solved precisely, especially for Step 2, i.e., a full-digital beamformer whose beampattern is the same as g ⋆ (θ) can be found, the procedure will lead the optimal solution of P1. However, as will be explained in the following sections, Steps 1 and 4 can be solved precisely, but due to the FIR filter theorem, the ideal beampattern is unattainable given the finite dimension of w. Thus, in Step 2, the goal is to find a beamformer whose beampattern closely matches the optimal one.
IV. SOLUTION DETAILS
This section provides the detailed formulations and solutions for the proposed four-step procedure.
A. Ideal Beampattern
The first step is to find the optimal beampattern that minimizes the transmit power under the outage probability constraint. It can be written as the following:
The optimal beampattern g ⋆ (θ) for P2, also called the ideal beampattern, is given in the following lemma.
Lemma 1. The optimal beampattern for P2 is
where ξ Proof. See Appendix A. [3] , [6] . But the proposed result in Lemma 1 has distinctions in two aspects. First, beampatterns in [3] , [6] [3] is defined for only M discrete angles. Second, beampatterns in [3] , [6] are derived from the requirement of constant signal power at any discrete angles; while our result links the beampattern to direct communication objects.
Remark 1. Ideal beampattern has been used in public channel beamforming design in

B. Ideal Beampattern Based Beamformer Design
The second step of the solution procedure is to find a fulldigital beamformer, w ⋆ 1 , whose beampattern closely matches the optimal one. Recall the equivalence between the beampattern and the FIR filter response as shown in (11) of the proof for Lemma 1. Due to the FIR filter theorem [13] , there does not exist an M -dimensional vector w whose beampattern equals g ⋆ (θ) in (9). Specifically, the ripple in bothÃ (pass band) and A − are unavoidable. Moreover, the transition bandwidth ∆ T should be non-zero 2 in practice. ThusÃ − should be divided into two parts, i.e., the transition band and the stop band, in which the latter isÃ
Based on the FIR filter theorem, there is an inherent tradeoff between the ripples inÃ and the size of transition bandwidth ∆ T . Specifically, the ripple size inÃ is inversely proportional to ∆ T and the minimum beampattern decreases with increasing ripple for constant mean beampattern inÃ. On the other hand, due to the Parseval identity used in the proof for Lemma 1, a larger ∆ T may decrease the mean beampattern inÃ, which decreases the minimum beampattern with constant ripple inÃ.
By taking into consideration of the aforementioned phenomenon, in what follows, a formulation for the optimization of the full-digital beamformer is proposed to explore the tradeoff in the equivalent filter design problem.
In this formulation, the square root of beampattern is used for simplicity. In (C.1), the gap between the beampattern of w 1 and the ideal one (ξ ⋆ ) inÃ should be lower than σ. In (C.2), to reduce possible inter-sector interference, a constraint on the maximum beampattern r s inÃ − s is required. Also from this perspective, we set another (C.3) on the maximum ∆ T (denoted as ∆
max T
). In (C.4), w H 1 w 1 ≤ 1 is the convex relaxation version of w H 1 w 1 = 1, which does not affect the optimization result since the equality can always be satisfied due to the structure of P3. Note that some finite observed discrete angles withinÃ ∪Ã − s should be selected for the optimization to be feasible. Remark 2. In [6] ], then conduct a grid search over ∆ T . The difficulty lies in the non-convex constraint (C.1). By drawing lessons from [14] , we can transform (C.1) to 1 + w 1,2 [14, Pro. 3.1] . These two new constraints are multiconvex inequalities which is convex in w 1,2 for given w 1,1 and vice versa. Since (C.2) and (C.4) are convex, an iterative algorithm based on convex optimization [14, Algorithm II] can be used to efficiently solve P3 for an arbitrarily given ∆ T . The initialization can be obtained by solving the standard semi-definite programming (SDP) problem via relaxing the inner absolute sign of (C.1). Due to the space limit and similarity, the pseudo-code and the proof for its convergence (refer to the end of [14, Sec. III]) are omitted here.
Based on the above analysis, the complete algorithm for Step 2 based on a grid search for the transition bandwidth ∆ T is summarized in Algorithm 1, where d∆ T is the step size of ∆ T and g min is the minimum beampattern inÃ. Algorithm 1 Algorithm for obtaining w
Solve P3 with ∆ T and obtainw 1 ;
5:
Denote the minimum beampattern inÃ asḡ min ; 6: ifḡ min > g min then 7: g min =ḡ min ; w 
Thus, we can search this set to find the one with the smallest PAPR.
If reduction on the search complexity is desired, the reduced set for the candidacy beamformers can be used:
E. Discussions
Instead of using the ideal beampattern based design to obtain the full-digital beamformer w ⋆ 1 , another method is to directly solve the following problem:
where the object along with (C.1) is equivalent to the original one, i.e., minimizing ρ. P4 can be solved via a similar iterative optimization based algorithm to Algorithm 1.
Remark 3.
Compared with P3, P4 is a more direct formulation without using the ideal beampattern in (9) . Thus, only random initialization can be used for solving P4, which generally has lower convergence speed and degraded performance.
V. SIMULATION AND ANALYSIS
In this section, the performance of the proposed scheme will be validated. We consider D = 0.5, M = 64, 60
• sector and maximum transition bandwidth 4
• unless mentioned otherwise. Thus, the ideal beampattern in the sector ξ ⋆ = 2 from Lemma 1, and r s is set to be ξ ⋆ /10 3 which corresponds to a 30 dB attenuation outside the sector. 3M discrete points with equal space amongÃ ∪Ã − are selected in P3 and P4. In Fig. 1 , the proposed scheme is compared with the ZC scheme in [3] . It can be shown that if the sector size is 180
• , the ZC scheme can achieve ξ ⋆ = 1 only in or near the discrete angles corresponding to the spatial frequency set (−M/2 : 1 : M/2 − 1)/(M D), while the proposed scheme achieves ξ ⋆ = 1 for all (more than M ) observed discrete angles. For the smaller sector size 60
• , the beampattern for ZC scheme within the sector is still 1 while that of the proposed scheme approaches 2 well. These improvements results from two respects. First, denser angle discretization is allowed in the proposed scheme. Second, the strict constraint of constant envelop for the ZC scheme is relaxed in the proposed scheme in which the PAPR metric is treated as an additional consideration. For the comparison with the broadbeam scheme in [6] , please refer to Remark 2 and simulations are omitted for space limit. On the other hand, solving P4 with more iterations still performs worse than that of P3 in the proposed scheme, which validates Remark 3. The PAPR of all beamformers with the same beampattern as that of w
VI. CONCLUSION
In this work, a hybrid beamforming was proposed for massive MIMO public channel with any sector size which aims to minimize the transmit power while guaranteeing the QoS of all users. The ideal beampattern was first derived via Parseval Identity, based on which a non-convex but multiconvex problem was formulated which results in the full-digital beamformer with minimum gap with the ideal beampattern. In addition, the PAPR performance was improved through a search based on the same beampattern theorem. Finally, the full-digital beamformer was perfectly implemented in the hybrid structure through the triangle construction with the predefined baseband beamformer. Simulations validated the advantages of the proposed scheme over existing ones.
APPENDIX A: PROOF OF LEMMA 1
We first give a upper bound on the sum beampattern within the sector, based on which the optimal beampattern is provided.
From the Parseval Identity [13] , we have
